EXPLICIT FACTORIZATION OF PRIME INTEGERS IN QUARTIC 
NUMBER FIELDS DEFINED BY X 4 + aX + b 
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Abstract. For every prime integer p, an explicit factorization of the principal ideal pLx 
into prime ideals of Ik is given, where K is a quartic number field defined by an irreducible 
polynomial X 4 + aX + 6 G 
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Introduction 

Let if be a quartic number field defined by an irreducible polynomial P(X) = X 4 +aX +b e 
Z[A], Ik its ring of integers, A the discriminant of P, dx its discriminant, a a complex root 
of P(X) and ind(P) = \Lk ■ Z[a]] the index of Z[a]. In this paper, the goal is to give an 
explicit factorization of pIk into prime ideals of Z^; the form pLu = 111= 1 -T* an< ^ f° r 
every prime factor Pj, an integral element Wi such that Pi — (p,Wi) are given. Let p be a 
prime integer. It is well known that if p does not divide ind{P), then the Dedekind's theorem 
gives us an explicit factorization of the principal ideal plx into prime ideals of %k'- P^k is 
p-analogous to the factorization of P(X) modulo p. (see, for example pH page 257]). 

Theorem 0.1. Let p be a prime integer. Denote by ~ the canonical map of 1\X] into F p [X], 
and let P(X) = Hj=i 9i(X) ei , where gi(X) , . . ,g r (X) are distinct irreducible in F P [X] and 
e\,..e r are positive integers. For every i, let Pi — (p,fi(a)), where /, G Z[X] is a monic 
lifting over gi(X). Then 

If p does not divides ind(P), then p%K — Ilt=i an d f or e ^ery i, e(Pijp) — Ci and 
f( p i/p) = fi = deg(gi). 

If p is not a common index divisor of K, then there exist an element <f> G Ik which 
generates %k and v v (ind(j^^) = 0, where 7r^ is the minimal polynomial of 0, and then we can 
apply Dedekind's theorem to obtain the prime ideal decomposition explicitly. However given 
a, it is not easy to determine such an element cj> in general. The construction of 4> was based 
on the p- integral bases of %k given in [T]. If p is common index divisor of K, then for every 
prime P factor of pl^K , an element (3 G Zk such that vp{f3) = 1 and for every prime ideal 
Q ^ P above p, vq {(3) = will be constructed. A such f3 G Ik satisfies P = (p, (3) . 

For every prime p, let v p be the p-adic discrete valuation defined in Q p by v p {p) = 1. v p is 
extended to Q P [X] by v p (A(X)) := Min{v p ( ai ) ,0<i<r}, where A{X) = Y^=a a t x ' L - For 
every (x,m) G Z 2 , denote x p = —^77, x (mod to) the remainder of the Euclidean division of 

x by m. For every odd prime p, denote (-^-) the Legendre symbol. If p does not divide x and 
there exists t G Z such that t" = x (mod p), then let (|) n = 1. Otherwise, (^) n 7^ L 

f. Newton polygons 

Let F(X) be an irreducible polynomial in Z[A], <fi G Z[X] a monic polynomial of degree 
at least 1. Let F(X) = J2" =0 ai{X)4>{X) 1 = a (X) + .. + an-^X)^) 71 - 1 + a n {X)4>{X) n be 
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the <^-adic development of F(X) ( for every i, deg(di(X)) < deg((f>) — 1). Let p be a prime 
integer. The 0-Newton polygon of F(x), with respect to p, is the lower convex envelope of 
the set of points (i,Ui), Ui < oo, in the Euclidian plane, where Ui = v p (a,i(X)). 



The 0- Newton polygon is the union of different adjacent sides Sq, . . . ,S g with increasing slope 

A < Ai < • • • < X g . We shall write N<j,(F) = S H h S g . The principal part of N<j,(F), 

denoted N^(F), is the polygon determined by the sides of negative slope of Nj,(F). 

For every < i < n, we attach to any abscissa the following residual coefficient c, 6F^: 



Let S be one of the sides of N, with slope A, and let A = —h/e, with h,e positive coprime 
integers. Let I = £(S) be the length of the projection of S to the a;-axis, d(S) := £(S)/e: the 
degree of S. Note that S is divided into d(S) segments by the points of integer coordinates 
that lie on S. Let s be the initial abscissa of S and d the degree of S. If 4> is a monic 
polynomial such that </> is irreducible factor of F(X) modulo p, then let := F ?ffl and 

F S (Y) := c s + c s+e Y H h c s+{d _ 1)e Y^ 1 + c s+de Y d G F^Y], the residual polynomial of 

f (X) attached to S. 

In the remainder, F(X) is a monic irreducible polynomial, 8 is a complex root of F(X) 
and 4> is a monic polynomial such that <fr is irreducible factor of F(X) modulo p. Let N = 
Sk + .. + S1+S0 be the X<p- Newton polygon of F(X) with respective slopes < .. < Ai < A . 
F(X) is said to be 0-regular if for every i, Fs f (Y) is square free. 



In this section, for every prime integer p, an explicit factorization of the principal ideal 
pljt into prime ideals of %k is given (Note only the form is given, but two element generators 
of each prime ideal factor are given) . Recall the celebrated Theorem of Hensel: 

Theorem 2.1 (Hensel). Let P{X) £ 1\X\ be a monic irreducible polynomial, p a prime inte- 
ger, Q p the p-adic completion of Q and Z p its ring of integers. Let P(X) = F\(X) ■ ■ ■ F t (X) 
be the factorization into a product of monic irreducible polynomials in Q p [X] and consider the 
local fields Ki = Q p [X]/(Fi(X)), for i = 1, . . . ,t. The factorization of p1*K into a product of 
prime ideals ofZx is: p7Lk = Pi 1 ' ' 'Pt*> w here /(pi) = f(Ki/Q p ) and ej = e(Ki/Q p ). 

Lemma 2.2. Assume that P(X) = 4> l (X) (mod p) such that N^P = S is one side and Ps{Y) 
is irreducible in F^Y], where F^ = ^x)) ■ Let A = —h/e be the slope of S such that h and e 
are positive coprime integers. Define as := <p(a) e /p h . Then v p (as) — and Ps(as) = 0. 









2. Main results 
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Proof. Let P(X) = T, k = a k (X)cf)(X) k bc the ^ adic development of P(X). Since N^P) is 
one side of slope —A, we have for every i, v(ai(X)) > (i — l)X and v(a n (Xj) = —IX. Thus, 
v p ((j)(a)) = —X. Moreover, since for every < j < d and for every je < k < (j + l)e, 

red = and ^ = 0, then )<* + )^ + ■ ■ • + ^ ) + ^ = 

in F . Therefore, Ps(a s )) = in F . ' □ 

Let P(X) £ Z[X] be a monic irreducible polynomial and P(X) — n[=i 0/ (mod p) its 
factorization into irreducible polynomials of F p [X]. For every i := l..r, let Ni := N^.(P) = 
s l + ■ ■ ■ + S ki and for ever y 3 : = let Ps 3 {Y) = Ill=i ^ s (^)" s be the factorization of 

Psj (Y) into irreducible polynomials of F^ [Y] , where F^ = ^x)) ■ 

Theorem 2.3. Under these hypothesis, if every Po. 00 « s square free (every n s = 1), then 



^=nnnp 

i— 1 j— 1 s— 1 



and for every i := l..r, j := L.fcj and s := l.-ry, v Ps (0j(a)) = — e(Sj)Xj, where e(Sj) is the 
ramification index of the side Sj and —Xj is its slope. 



Proof. By Hensel Theorem, it suffices to factorize P(X) into irreducible polynomials of ( 
By Hensel Lemma, it suffices to show this result for r = 1. By Theorem of the polygon we 
can assume that Ni = S is one side. Since Ps(Y) is square free, by Theorem of the residual 
polynomial, we can assume that Ps(Y) is irreducible in F^[F]. By Theorem of the product, 
if Ps(Y) is irreducible in F [Y~], then P(X) is irreducible in Q[X}. 

Now, assume that P(X) £ Z P [X] is a monic irreducible polynomial in Q[X] such that 
P(X) = 4>\X) (mod p), N^P) = S is one side and P S (Y) is irreducible in F [Y~] of degree 
d(S). Denote K = Q p [a], Zk its ring of integers over Z p and p the maximal ideal of Zk. By 
Hensel Theorem, pZ K = p e ^) , where e(p) = ^j^p- 

Let A = — j bc the slope of S such e and h are positive coprime. Let as = —pr^ 
and l: Z p [X,Y] — > Z p , a(X,Y) n> a(a,as). Then the ideal m = t _1 (p) is a maximal 
ideal of Z p [X,Y] generated by (p, <j>(X), ip(X, Y)), where ip(X,Y) £ Z p [X,Y] is a monic 
polynomial such that ip(Y) := red(ip(X,Y)) is irreducible in F^Y}. Thus, ~ and 
/(p) = d(S).m. Thus, e(p) = |fg = = e(5 ), where m = de^). 

On the other hand, since iVi = S is one side of slope A, we have v p (4>(a) 1 ) = v p (ao(a)) = —IX, 
v p (4>(a)) — -X and v p ((j>(a)) — -e(p)A. □ 



Let P(X) = X A + aX + b. Note that if there exists a prime p such that v p (a) > 3 
and v p (b) > 4, then let qi and q 2 be respectively the quotient of v p (a) by 3 and of v p (b) 
by 4. Let 9 := ^l, where q := Min(qi,q2). Then 9 is integral with minimal polynomial 
F(X) = X 4 + AX + B e Z[X], where A = ^ and P = As K = Q[9] = Q[a], then up 
to replace a by ^l, we can assume that for every prime p, v p (a) < 2 or v p (b) < 3. 

Theorem 2.4. Let p be a prime integer. In the following tables, the form ofpZx as a product 
of prime ideals ofl*K, and for every prime factor P of p%K an integral element <p of K such 
that P = (p,4>) are given: If p!*K — IL-ffS ^en for every i ^ j, an element fa £ K such 
that Vp i = (fa) = 1 and vp j = = is given. 

TableA : v p (a) > landv p (b) > 1 
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Case 


Conditions 


P 




Generators 


Al 


p\ i — ' p \ J — 




pi 


P — (n sll 


A2 


v p (b) > 3, Vp(a) = 2 




Pi Pi 


1 1 

Pi = (p,fr), ft = (p,ap + fr) 


A3 


v p(b) > 2, v p (a) = 1 




PiP'i 


T cJ 


A4 


« p (6) = 2, « p (a) > 2 
(^) = -l 


+ 1 


p2 


^ = (P, f ) 


A5 


v p (b) = 2, Wp(a) = 2 
(^) = 1 


/2 


p?Pi 


Pi = (p,t + f) 
ft = (P, K(i 2 + b P ) = i; 


A6 


«p(6) = 2, «p(a) > 3 
(^) = 1 


/2 


p?Pi 


ft = (p,t+^) 

ft = (p, -t + 2!±si), ^ + 6 P = (mod P ); 


Al 


v p (b) = 1, v p (a) > 1 






P = (p, a) 


A8 


v p (b) = 2, Vp(a) > 2 


2 




go to TableA8 



Table A8 : v 2 (b) = 2andv 2 (a) > 2 



Case 


conditions 


4> 2 


21 K 


Generators 


A8.1 


v 2 (b) = 2, t>2 (a) = 2 


a 2 + 2 
2 


pi 


P=(2,<h) 


A8.2 


6= 12 (mod 16), v 2 (a) = 3 


o J +2a 
4 


pi 


P=(2,fa) 


A8.3 


6 = 4 (mod 16), w 2 (o) = 3 


4 


pi 


P = V,<h) 


A8.4 


6 = 4 (mod 32), t>2 (a) = 4 


q^ + 20,+2 
■ 


pi 


P=(2,fa) 


A8.5 


6 = 20 (mod 64),v 2 (a) = 4 


a A + 2a-2 
4 


p2 


P = V,fa) 


A8.6 


6 = 52 (mod 64), a = 16 (mod 64) 


a 3 — 2a^— 2a 


Pi Pi 


Pi = {2, fa), P 2 = (2,02 + 1) 


A8.7 


b = 52 (mod 64), a = 48 (mod 64) 


3 \ ! 

8 


p?Pi 


Pi = (2,02), P 2 = (2,02 + 1) 


A8.8 


6 = 12 (mod 32),« 2 (a) > 4 


o J +2a 

4- 


p2 


^=(2,02) 


A8.9 


6 = 28 (mod 32),v 2 (a) = 4 


a i + 2 
4 


Pi Pi 


Pi = (2,0 2 ), P 2 = (2,0 2 + l) 


A8.10 


6 = 28 (mod 32),« 2 (a) > 5 


a^ + 12a + 2 
i 


PiP'i 


Pi = (2,0 2 ), P 2 = (2,02 + 1) 


A8.ll 


b = 20 (mod 32),« 2 (a) > 5 


a i + 2a-2 
4 


P i 


P= (2,02) 


A8.12 


b = 36 (mod 64),v 2 (a) > 5 


q^ + 201+2 


p2 


P=(2,0 2 ) 


A8.13 


6 = 4 (mod 64),« 2 (a) = 5 


3-^4 

8 


Pi Pi 


Pi = (2,0 2 ), P 2 = (2,0 2 + l) 


A8.14 


6 = 4 (mod 64),u 2 (a) > 6 


ct J +4a ;! -2ct+4 
8 


Pi Pi 


Pi = (2,0 2 ), P 2 = (2,0 2 + l) 



TableB : v p (b) > landv p (a) = 
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Case 


Conditions 


P 







Generators 


Bl 




2 


a 


P1P2P3 
P 3 = (2, 1 + a + a 2 ) 


Pi = (2, a), P 2 = (2,1 + a) 


B2 


(ir)a + 1 


> 5 


a 


P1P2 


Pi = (p, a), P 2 = (p, a + a 3 ) 


B3 


(=?) = -!, (^)3 = 1 


> 5 


a 


P1P2P3 


Pi = (p, a), P 2 = (p, -u + a) 

Po - — fr> 11? -4- ?/,rv -1- (T^l 
it^ — — (2 (mod p) 


B4 




> 5 


a 


P1P2P3P4 


Pi = (p, a), P 2 = (p, — u + a) 

71^ — /1 f m n H Ti\ P'> — ( n 7H —I— /"v^l 

P 4 = (p, -(it + Wi) + a) 
v 2 — —3 (mod p), 2ui = — u(l + v) (mod p) 


B5 


v 3 {b) > 2,v 3 {a) = 
a 2 1 (mod 9) 


3 


a 


PiP 2 J 


Pi = (3, a), P 2 = (3, a -a) 


B6 


v 3 (b) > 2, a 2 = 1 (mod 9) 


3 




P1P2P3 


go to TableBG 


B7 


v 3 (a) = 0,6 = 6 (mod 9) 
a 2 / 4 (mod 9) 


3 


a 


Pi s P 2 


Pi = (3, a -a), P 2 = (3, a) 


B8 


6 = 6 (mod 9), a 2 = 4 (mod 9) 


3 


a 




go to TableBG 


B9 


u 3 (a) = 0,6 = 3 (mod 9) 
a 2 ± 7 (mod 9) 


3 


a 


PtP 2 


Pi = (3, a -a), P 2 = (3, a) 


BIO 


6 = 3 (mod 9), a 2 = 7 (mod 9) 
v 3 (b + a 4 - a 2 ) = 2 


3 




Pi Pi 


ft = (3,0 -4a), ft = (3,£=|22i) 
= a — a 


Bll 


6 = 3 (mod 9), a 2 = 7 (mod 9) 
v 3 (b + a 4 - a 2 ) > 3 


3 






go to TableBll 



TableBll 



Let s £Z such tftoi as = -46 3 (mod 3«3(A)+i^ and Zei 6 = a - s, A = 4s 3 + a and B = s 4 + as + 6. 



Case 


Conditions 





3Z K 


Generators 


Bll.l 


v 3 (A) = 6, B 3 = 1 (mod 3) 


s +4s6 z +6s z 6+A 
9 


P1P2 


Pi = (3,0), P 2 = (3,0 3 -0-s) 


Bll. 2 


w 3 (A) = 6 
P 3 = -1 (mod 3), s = 1 (mod 3) 


9 


P1P2P3 


Pi = (3,0), P 2 = (3,0 2 -0-l) 
P 3 = (3,0+1) 


Bll. 3 


ws(A) = 6 
B3 = — 1 (mod 3), s — —1 (mod 3) 


fl 3 +4«fl :i +6s :i fl+.A 
9 


P1P2P3 


Pi = (3,0), P 2 = (3,0 2 + 0- 1) 
P 3 = (3, - 1) 


Bll. 4 


otherwise 




go to TableBWA 





TableC : v p (b) = 0,v p (a) > 1 
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Conditions 


P 




pL K 


Generators 


1 


(?) = !> (f) 4 = 1 


> 5 


a 


P1P2 


Pi = (p, a 2 +ua + t), t 2 = b (mod p) 
P2 = (p, a 2 — ua + t), It — u 2 (mod p) 


2 


(^) = 1,(^)4 = 1 


> 5 


a 


P1P2P3P4 


Pi ={p,a + t), P 2 = (p,a-t), t 4 = -6 (mod p) 
P3 = iPi a + u t), Pi — iPi a ~ u t) > u 2 = —1 (mod p) 


3 


(^)=-l, (f)4 = l 


> 5 


a 


P1P2P3 


Pi = (p, a + t), P 2 = (p,a-t),t 4 = -6 (mod p) 
Pi = (p,a 2 +t 2 ) 


4 


(f ) = 1, (^)4^1 


> 5 


a 


P1P2 


Pi = (p, a 2 + t), P 2 = (p, a 2 - t), t 2 = -b (mod p) 


5 


(f )4 = 1 A? 


> 5 


a 


P1P2 


Pi — (p, a 2 + ua + t), P 2 = (p, a 2 — ua + i) 
u 4 = 46 (mod p), t 2 — b (mod p) 


6 


(f ) 4 /l, (^) = -l 


> 5 


a 


P 


P=(p) 


7 


6 = 1 (mod 3) 


3 


a 


P1P2 


Pi = (3,a 2 + a- 1) 
Pi = (3, a 2 - a - 1) 


8 


b = — 1 (mod 3) 


3 


a 


PIP2PZ 


Pi = (3,^ + 1) 
P 2 = (3,a-1), P 3 = (3,a + 1) 


9 


6=1 (mod 4), a = (mod 4) 


2 


a 


pi 


P = (2, a - 1) 


10 


6 = 3 (mod 4), a = 2 (mod 4) 


2 


a 


pi 


P = (2, a - 1) 


11 


6=1 (mod 4), a = 2 (mod 4) 


2 




PtP2 


go to tableS 


12 


6 = 7 (mod 8), a = 4 (mod 8) 


2 




P 2 


P = (2, a - 1) 


13 


6 = 7 (mod 8), a = (mod 8) 
1 + b + a = 8 (mod 16) 


2 


4 

9 = a - 1 


P?P 2 


Pi = (2,0+1) 
P 2 = (2,</> 2 + <?!>+l) 


H 


6 = 7 (mod 8), a = (mod 8) 
1 + b + a = (mod 16) 


2 




P'(P2Pz 


50 to Ta6toC14 


15 


6 = 3 (mod 8), a = 4 (mod 8) 


2 




go to TableCU 





TableD : v p (ab) = 
For p > 5, let s £ 1 such that 3as + 46 = (mod p Vp[A) ), and let 6 = a - s. 



Case 


Conditions 


P 


<t> 


p1 K 


Generators 


£>i 






a 


P 


P=(2) 


D2 


6= -1 (mod 3) 


5 


a 


P 


P=(3) 




a = b = 1 (mod 3) 


3 


a 


P1P2 


Pi = (3, a - 1), P 2 = (3, a A + a 2 + a - 1) 


^ 


a = b = 1 (mod 3) 


3 


a 


P1P2 


Pi = (3, a + 1), P 2 = (3, a* - a 2 + a + 1) 




v p (A) = 


p > 5 


a 


p-analogous toP(X) 




D6 


v p {A) = 1 

(t?) = i 


p > 5 


9 


PiP2Pi 


Pi = (p, 9), Pi = ( P ,e- vi), p 2 = (p, e - v 2 ) 

u 2 = — 2 (mod p), t;i = — s(2 + u), V2 = — s(2 — it) (mod p) 


D7 


u P (A) = 1 
(^) = -l 


p > 5 


9 


Pi Pi 


ft = (p, 
Pi = (p,6» 2 +4s6» + 6s 2 ) 


D8 


w p (A) > 2 


p > 5 






50 to TableDS 



TableBQ : B = a 4 ~ a 2 + b, A = -4a 3 + a 



Case 


Conditions 


31k 


Pi 


ft 


ft 


B6.1 


v 3 (B) = 2, w 3 (A) = 1 


Pi Pi Pi 


e i -4a6 z 


3 +^ 


6» -4a 


B6.2 


v 3 (B) = 3 + fe, w 3 (A) = 1 


Pi Pi Pi 


9' -4.9' +3 


g J -4a,e- ! +6a' 1 + A | g 


-4a 



TableBllA : B — s 4 + as + b, A — 4s 3 + a, as — -46 3 (mod 3" 3(A)+1 ) 
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Case 


Conditions 


3Z K 


ft 


ft 


ft 


ft 


1 


v 3 (o) > 2, a j^i (mod 9} 
v 3 (a 4 -a 2 +b) = 2 


^1^2 ^3 




3 


e' , -4ae 2 + 6sa 2 9 + A 1 q2 
3 "r" 17 


9 — 4a 


9 


iio(h\ > 9 n 2 =L 7 tmnr] Q\ 

v 3 (a 4 -a 2 +b) >3 


P, R? Po 
J 1 ^ 2 3 




B i -4aB 2 1 
3 + 6 


B J -4a8 2 +6a 2 B + A , 

3 +0 


# — 4a 


3 


v 3 {b) > 2, a 2 = 7 (mod 9), 
« 3 (a 4 -a 2 +b) = 2 


Pi pi 






e*+4se- + e 


6» + 4s 


4 


v 3 (A) = 2r + 1, r > 4 


PiP 2 Pi 




B 3 +4sB 2 +6s 2 B+A 1 6^+4sS 


e*+4 S e< + d 


6> + 4s 


5 


ws(A) = 7, 


P1P2P3 2 




9 J +4s9^+(is' : e+A 1 B A +4sB 
3-1 1 3 


e>+4se< +6 2 


6> + 4s 


6 


v 3 (A) = 2r, r > 5 

= 


PiP 2 p 3 




9'+4.fl + 


8 2 +4sB+tjs 2 1 q 


61 + 4s 


7 


v 3 (A) = 2r > 8 
(=^) = 1 


P1P2P3A 




e- 1 +4se ;! +6s ;4 (e-3 r_:! t) 


B 2 +4sB+6s 2 1 q 


61 + 4s 


3r-l 

2s 2 t 2 + B 3 = 3 (mod 9) 


37—1 





If (b = 7 (mod 8), a = (mod 8) and 1 + & + a = (mod 16); or 6 = 3 (mod 8) and 
a = 4 (mod 8), i/ien let s e Z such that P(X) is (X + s)-regular, and let A = As + a, 
B = s 4 + as + 6 and = a — s. 



TableCU : v 2 (B) > 3,v 2 (A) > 2 



Case 


Conditions 


21 K 


ft 


ft 


ft 


1 


v 2 (B) > 2 
v 2 (A) = 1 


p'ip 2 




B - + 2 




2 


v 2 (B) =2r-l 
v 2 {A)=r>2 


p?p 2 




if + 2 


^ + 9 


3 


v 2 {B) > 2r 
v 2 (A) = r>2 


p?p 2 p 3 


e 3 +4s9 2 +6s' 2 g 


(B 2 +4sB+lis 2 )(e+ 2 r - L t) | r, 


^ + 9 




A 2 t = 1 (mod 4) 


4 


v 2 (B) = 2r 
v 2 (A) = r>2 


p?p 2 p 3 


B 3 +4sB 2 +6s 2 B 

2 r 


(B 2 +4s6+(is 2 ){6+ 2 r - H) 
V 

Ait = 3 (mod 4) 


^ + 9 


5 


v 2 (B) = 2r 
v 2 (A) > r + 1 


p?Pi 




B 2 | B' s +4sB 2 +tis 2 B+ A 
2 ' 2 r 


^ + 9 



TableD8 : p > 5, « p (afe) = Oandw p (A) > 2 
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Let s £ Z such that 3as + 4b = (mod p Vp(A)+1 ) ; 9 = a- s, B = s 4 + as + b and A = 4s 3 + a. 



Conditions 




ft 


ft 


ft 


ft 


v p (A) = 2r + 1 
(f) = l 


P\PiPt 




3 +4s6 2 +&s z 6 

Bp = 6s u (mod p) 


— Vi 

u 2 + 2 = p (mod p 2 ) 
i'l = — s(2 + u) (mod p ) 


6 — V2 

u 2 + 2 = p (mod p 2 ) 
«2 = — s(2 — u) (mod p ) 


7j C A A — 2r 4- 1 
= 


P, P„ 2 
J 1 J 2 






S J +489^+63^8 
P r 

Bp = 6s u (mod p) 


f) 2 + 4s9 4- 6s 2 4- » 


v p (A) = 2r 

( — ) = 1 
( = ) = -! 


P1P2P3 




r-i 

V JQ S + B„) = 1 


0-i>i 
u 2 + 2 = p (mod p 2 ) 
wi = — s(2 + u) (mod p 2 ) 


6-V2 

u 2 + 2 = p (mod p 2 ) 
W2 = — s(2 — u) (mod p 2 ) 


w P (A) = 2 
(— ) = 1 
(=) = 1 


P1P2P3P4 


(0' z +4se+6s A )(e+pt) . q2 

V 

v p (6s 2 t 2 + Bp) > 2 


(9 ;i +4se+6s^)(e-pt) , g2 

p 


6> -vi 
u 2 -f 2 = p (mod p 2 ) 
ui = — s(2 + it) (mod p 2 ) 


it 2 + 2 = p (mod p 2 ) 
V2 = — s(2 — u) (mod p 2 ) 


w p (A) = 2r > 4 
( — ) = 1 
(^ = 1 


P1P2P3P4 


(e^+4se+6s- 1 ){e+p T t) q 
p t ' 
v p (6s 2 t 2 + Bp) = 1 


(6) ;2 +4 s e+6 S ^)(»-p r t) . a 
p r 


0-vi 
u 2 + 2 — p (mod p 2 ) 
wi = — s(2 + u) (mod p 2 ) 


«p(u 2 +2) = 1 
Vp(v 2 + s(2 - it)) > 2 


Up (A) = 2r 

(y) = -! 

( = ) = -! 


P1P2 






fl 3 +4*9* +68*9 

pr- 1 


6> 2 + 4s<9 + 6s 2 + p 


«p(A) = 2 

(f) = "l 
Ft*) = 1 


P1P2P3 




(0^+4s0+6s J )(e+pt) 1 ^2 

i>p(6s 2 t 2 + B P ) > 2 


(9 ;i +4se+6s i! )(e-pt) . q2 
V 


9 2 + 4s8 + 6s 2 + p 
Vp(6s 2 tt + -Bp) = 1 


Up(A) = 2r > 4 

(f ) = "1 
(^) = 1 


P1P2P3 




(e^+4sS+6s^)(9+p r i) a 

Vp(6s 2 r + Sp) = 1 


(e i +4sB+6s^)(g-p T t) n 


6> 2 + 4sfl + 6s 2 +p 



Proof of Theorem. All cases, except (p = 2, v p (b) = 2 and u p (a) > 2), correspond to a 
situation where P(X) is p-regular. The case : p = 2, w p (6) = 2 and v p (a) > 2 is handled in 
TableA8 by using technics of Newton polygons of second order. 
Denote C(X) the minimal polynomial of a possible <f) such that v p ([Zk ■ %[4>]]) = 0. 
v p (a) > 1 and v p (b) > 1. 

(1) w p (a) > 3 and v p (b) — 3. Then P(X) = X 4 (mod p) and the X-Newton polygon of 
P(X) is one side of slope 3/4. Thus, pZ K = P 4 . Since w P (a) =4x3/4 = 3, then 
« P (s!) = l a ndP=(p,J). 

(2) Let = s£. Then C(X) = X 4 + 3^X 3 + 3^X 2 + + It follows that 
if v p (a) = 1 and v p (b) > 2, then = ^- is a p-generator of Zk, C(X) = X(X + 
a p ) 3 (mod p) and pT,K = (p, a)(p, a + a p ) 3 . If v p (a) — 2 and v p (b) > 3, then (f> = ^ 
is a p-generator of Zk, C(X) = X(X + a p ) 3 (mod p) and pZ^- = (p, <p){p, <p + a p ) 3 . 

(3) If v p (b) = 1 and v p (a) > 1, then v p {ind{P)) = 0, then a is a p-generator of and 
pZx = (p, a) 4 . 

(4) If t) p (6) = 2 and u p (o) > 2, then N X (P) = S is one side such that P s (y) = Y 2 + b p . 
It follows that: 

(a) If = -4, then pZ K = P 2 such that v P (a) = 1. Thus, P = (p, ^). 

(b) If (^) = 1 and Vp(a) = 2, then p7L K = P^P%. For 4> = ^, we have C(X) = 
X 4 - Xp a 2 + 26 p X 2 + fe2 an d C(X) = (X 2 + b p ) 2 (mod p). Let t e Z such that 
« P (t 2 + M = 1. Let = X + t and </>(X) 4 - 4t0(X) 3 + (6i 2 + 2B)cf>{X) 2 + 
(-pal - 4tb p - 4t 3 )4>(X) + (b 2 p + tpa 2 p + 2t 2 b p + 1 4 ) be the ^>(X)-adic development 
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of C(X). Since v p (b 2 + tpa 2 + 2t 2 b p + t 4 ) = 1, ^- is a p-generator of Zk- As 
C(X) = {X 2 + b p ) 2 (mod p), we have P x = [p,t + st) and P 2 = (p, -t + st) 
v p (t 2 + b p ) = l. 

(c) If (^) = 1 and v p (a) => 3, then pZ K = P 2 P 2 . Let = Since 
a 3 + a 2 g Q, if = Q[a 3 + a 2 ] and = X 4 + 2b p X 2 - Apb 2 p X + b 2 p (mod p 2 ) 

and = (X 2 + b p ) 2 (mod p). Let = X + t such that t 2 + b p = 

(mod p) and C(X) = 4 (X) - 4t(/) 3 (X) + (6t 2 + 2b p )(/) 2 (X) + {-Apb 2 p - Atb p - 
tt 3 )faX) + (b 2 p +ttpb 2 p + 2t 2 b p + t 4 ) be the <£(X)-adic development of C(X). Since 

v p (b 2 p + 4tpb 2 p + 2t 2 b p + t 4 ) = 1, is a p-generator of Z*, Pi = (p, i + 

andP 2 = (p,-t+ s!±s^). 

(5) i> 2 (6) = 2 and U 2 (a) > 2. In that case, using technics of Newton polygons of second 
order, for every subcase, a monic polynomial fa G Z[Jf] such that i = (X, 1/2, fa) 
is P(X)-complet is given (see Def 3.9, p 38]). Let N 2 be the ^ 2 -Newton polygon 
of second order of P{X). From [5, Cor 3.8, p 38], if iV 2 is one side, then 2Zk = P e , 
where e = 2e 2 and e 2 is the ramification index of N 2 . If N 2 is two sides, then for 
every side, e 2 = 1 and then 2Zk = P\P 2 - 

(a) If v 2 (a) = 2, then for fa = X 2 + 2 and N 2 is one side. Thus, 2Z K = P 4 , 
v P (a 2 +2) =5 and 2Z K = (2, s^t2). 

(b) If u 2 (a) = 3 and b — 4 (mod 16) (resp. v 2 (a) = 3 and b = 12 (mod 16)), then for 
02 = X 2 + 2X + 2 (resp. fa = X 2 + 2) and N 2 i s ne side. Then 2Z K = P 4 , 
v P (a 2 +2a + 2) = 7 (resp. v P (a 2 + 2) = 7) and 2Z K = (2, " 3+2 f +2a ) (resp. 
2Z K = (2, s^3s)). 

(c) If u 2 (a) = 4 and 6 = 4 (mod 32), then for 2 = X 2 + 2X + 2, iV 2 is one side, 
2Z K = P 4 and v P (a 2 + 2a + 2) = 9. Thus, 2Z K = (2, " 2+2a + 2 ). 

(d) If v 2 (a) = 4 and b = 20 (mod 64), then for 2 = ^ 2 + 2X - 2, 7V 2 is one side, 
2Z K = P 2 and v P {a 2 + 2a - 2) = 5. Thus, 2Z K = (2, " 2 + 2 °- 2 " ), 

(c) If v 2 (a) > 4 and b = 12 (mod 32), then for <fe = X 2 + 2, N 2 is one side, 2Z A - = P 2 
and w P (a 2 + 2) = 4. Thus, 2Z A = (2, s^2s). 

(f) If u 2 (a) > 5 and 6 = 20 (mod 32), then for fa = X 2 + 2X - 2, 7V 2 i s one side, 
2Z K = P 4 and v P {a 2 + 2a - 2) = 9. Thus, 2Z K = (2, " 2 + 2 °- 2 ° ), 

(g) If u 2 (o) > 5 and 6 = 36 (mod 64), then for fa = X 2 + 2X + 2, N 2 is one side, 
2Z K = P 2 and v P (a 2 + 2a + 2) = 5. Thus, 2Z A = (2, " 2 + 2 °- 2 ° ). 

(6) 6 = 4 + 64B and a = 32 + 64A For <f> = ° 3 ~g a ~ 4 , we have = X 4 + 2X 3 + 
3X 2 + 2X + 2 (mod 4). Thus, v 2 (C(l)) = v 2 (C(0)) = 1, <p is a 2-generator of Z K and 
2Z A - = (2» 2 (2,0+l) 2 . 

(7) 6 = 4 + 64Sanda = 64A. For cf) = " 3 + 4 " 2 g - 2 "+ 4 ; we have =X 4 + 2X 3 + 3X 2 + 
2X + 2 (mod 4). It follows that v 2 {C{\)) = v 2 (C{0)) = 1, cf) is a 2-generator of Z A 
and 2Z K = (2» 2 (2,</>+ l) 2 . 

(8) 6 = 28 + 325 and a = 16 + 32A For = 2^±2, we have C(X) = X 4 - 2X 3 + (5 + 
4B)X 2 + (-16 J 4 2 -8-16A-4S)X + 6 + 8yl + 8A 2 + 8S + 4S 2 = (X + 1) 2 X 2 (mod 2). 
Since w 2 (C(0)) = w 2 (C(l)) = 1, we have is a 2-generator of Zk and 2Zk = (2, 4> + 
1) 2 (2,0) 2 . 

(9) b = 52 + 64B and a = 16 + 64A For = a3 ~ 2 g 2 " 2 " , C(X) = X 4 + 2X 3 + 3X 2 + 
2X + 2 (mod 4). Thus, u 2 (C(0)) = v 2 (C(l)) = 1, cf> is a 2-generator of Z K and 
2Z A - = (2,0 + l) 2 (2,0) 2 . 
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(10) b = 52 + 64B and a = 48 + 64A For 4> = ° 3 ~ 2 f+ 6a , C(X) = X 4 + 2X 3 + 3X 2 + 
2X + 2 (mod 4). Thus, v 2 (C(0)) = v 2 (C(l)) = 1, is a 2-generator of Z K and 
2Z X = (2,0 + 1) 2 (2,0) 2 . 

(11) b = 28 + 32B and a = 32A For <j> = " 2+1 4 2a+2 , C(X) = X A + 2X 3 + X 2 + 2 (mod 4). 
Thus, v 2 (C(0)) = v 2 (C(l)) = 1, (j> is a 2-generator of 1 K and 2Z X = (2, </>+l) 2 (2, </>) 2 . 

t; p (a) = and v p (b) > 1. 

If p 7^ 3, then v p (ind(P)) = 0, a is a p-genrator of Z^ and pZ/f is p-analogous to P(X). 
For p = 3, let = P(X-a) = X 4 -4aX 3 +6a 2 X 2 +AY+B and 9 = a+a (A = -a(4a 2 -l) 

andB = (a 4 -a 2 +6)). 

(1) If v 3 {B) = 1, then v 3 (ind(P)) = and 3Z K = (3, a + a) 3 (3, a). 

(2) If u 3 (B) = 2 and u 3 (A) > 2, then 3Z X = PiP 2 3 , u Pl (0 - 4a) = 1, v Pl (9) = 0, 
vp 2 (6 -4a) = and up 2 (6>) = 2. Thus, Pi = (3,6* - 4a), P 2 = (3, ^-^-). 

(3) If u 3 (A) = 1 and v 3 (B) > 2, then 3Z K = PiPiP 3 . 

Since 9 4 - 4a0 3 = -6a 2 2 + AO + B and u Pl (0) = 0, we have v Pl (6> 3 - 4a9 2 ) = 1 and 
Pi = (3,9 -4a). 

If v 3 (B) = 2, then let f3 3 = and ft = e 3 -^+6sa 2 e+A + &2 Sincc Vp ^ = 

vp 2 (8) — 1 and vp 1 (6) = 0, we have vp 3 ((3 3 ) — 1 and up 4 (/3 3 ) = for i ^ 3. We have 
also, vp 2 ((3 2 ) — 1 and up 4 (/3 3 ) = for i ^ 2. 
The case u 3 (£?) > 3 is similar to the previous case. 

(4) Ifv 3 (A) >2andu 3 (P) > 3 (v 3 (A) > 6), then let s e Z such that as = -46 3 (mod 3 t,3 < A )+ 1 ). 
Let P(X) = P(X+s) = X 4 +4sX 3 +6s 2 X 2 +AY+.B and = as. Sincc A = 4s 3 +a 

and B = s A + as + b, v 3 (A) = v 3 (B) = v 3 (A) - 3 > 3. It follows that: 
If v 3 (A) = 6, then for = o 3 +ise^+6sH+A ? we have = + 2s 2 B3 x _ 

4sPf) (mod 3). So, if B 3 = 1 (mod 3), then C(X) = X(X 3 - X - s) (mod 3) 
and 3Z K = (3,0)(3,0 3 - (j> - s). If 5 3 = -1 (mod 3) and s = 1 (mod 3), then 
C(X) = X(X 2 - X - 1)(X + 1) (mod 3). If B 3 = -1 (mod 3) and s = -1 (mod 3), 
then C(X) = X{X 2 + X - 1){X - 1) (mod 3) 

(5) If «s(A) > 7, then N X {F) = S 3 + S 2 + S 1 , F Sl (Y)=Y + 4s and F S2 (Y) = sY - 1. 
Since 9 3 (9 2 + 4s) = -(6s 2 6> 2 + A9 + B), then Pi = (3, 9 + 4s). 

(a) If v 3 {A) = 2r+ 1 (r > 3), then u 3 (A) - v 3 (B) = 2r - 2, Ps 3 (F) = 2s 2 y + S 3 , 
3Z K = PiP 2 Pi, vp 3 (9) = 2r - 3, u P2 (0) = 1 and u Pl (0) = 0. For every i ^ j, 
vpiifii) — 1 an d vPiiflj) = 0. 

(b) If ws(A) = 2r, then F S3 {Y) = 6s 2 Y 2 + B 3 . Thus, if = -1, then 3Z K = 

P!P 2 P 3 . If = -1, then 3Z K = P X P 2 P 3 P±. 

If (=2Bs) = then let f3 3 = + 9 + 3 and = fl2+4 f+ 6s2 + 9. 

If = 1, then Ps 3 (F) - 6s 2 (F + t)(F-t), where 6s 2 t 2 + B 3 = (mod 3). 

Thus, 3Zx = P1P2P3P4, where P 3 and P4 are respectively attached to Y + t 
and Y — t. Let <f) = X + 3 r ~ 2 i and consider the </>-adic development of F(X), 
where 2s 2 t 2 + B 3 = 3 (mod 9). We have vp 3 (<j>(9)) = r - 1 and v Pi {(j>{6)) = 
r 2. Therefore, & = <t±^L±^p£l^ , ^ = g!±4 £ gW^Q and ^ = 
2 +4«e+6 S 2 + ^ whcrc 2s 2 t 2 + s 3 = 3 ( mo d 9) satisfy: «p 3 (0 3 + 4s6> 2 ) = v Pi (6» 3 + 
4s6» 2 ) = 2(r-l), v P;i (9 + 3 r - 2 t) = r-l, v Pi {9 + 3 r - 2 t) = r-2, v P3 {9-3 r - 2 t) = 
r — 2 and vp 4 (9 — 3 r ~ 2 t) = r — 1. So, vp i (fa) = 1 and vp j (fa) = for every i ^ j. 
v p (a) > 1 and v p (b) = 0. 

If p ^ 2, then v p (ind(P)) — 0. Thus, a ia p-generator of Z^ , and then pZx is 
p-analogous to P(X) = X A + aX + b (mod p). For p > 5, if (^)i = 1, then 
P(X) = (X - + w)(X 2 + u 2 ), whcrc ii 4 = -6 (mod p). 

(=±) 4 ^ 1, then P(X) is irreducible in ¥ p [X] or P(X) = (X 2 +rX + s)(X 2 - rX + 
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t) (mod p). In the last case, (r = (mod p), s = —t (mod p) and s 2 = —b (mod p)) 
or (r / (mod p), s = t (mod p), 2s = r 2 (mod p) and s 2 — b (mod p)); i.e., 
P{X) = (X 2 + s)(X 2 - s) (mod p), where s 2 = b (mod p) or P(X) = (X 2 + uX + 
s)(X 2 — uX + s) (mod p), where u 4 = 4b (mod p) and 2s = u 2 (mod p). 
For p = 2, let F(X) = P(X + 1) = X 4 + 4x 3 + 6X 2 + AX + B and 9 = a - 1. 

(a) If u 2 (-B) = 3, A = 4 (mod 8), then for = g3+4 f + 69 , we have C(X) = X 4 + 
(3 + 2iT)^ 3 + (2 + 2L) X 2 + (3 + 2if)X + 1 + 2L (mod 4) , where A = 4 + 8K and 
P. = 8 + 16L. Since C(l) = 2 (mod 4), is a 2-generator of Z K , 2Z K = P 2 P 2l 
where P 1 = {2,4> + 1) and P 2 = (2, <^ 2 + (f> + 1). 

(b) 6 = 3 (mod 8) and a = 4 (mod 8) or {b = 7 (mod 8), a = (mod 8) and 
1 + b + a = (mod 16)), then let s e Z such that P(X) is X + s-regular. Let 
F(X) = P(X - s) = X 4 + 4sX 3 + 6s 2 X 2 + AX + B and 9 = a - s. It follows 
that: 

(i) v 2 (A) = 1 and v 2 (B) > 2. Then 2Z K = PfP 2 . 

(ii) If v 2 (A) = r and v 2 (B) = 2r - 1, then N X (F) = Si + S 2 such that 
F Sl (F) = y + 1 and P S2 (F) = F 2 + K + 1. Thus, 2Z K = P 2 P 2l where 
vp 1 (9) = 1 and vp 2 {9) = r — 1. Hence, for every i ^ j, v Pi {fa) = 1 and 
«p 4 (&) = 0. 

(iii) If u 2 (A) = r and v 2 (P) > 2r, then N X (F) = St + S 2 + S 3 such that 
F Sl (Y) = Y + 1 and F Ss (F) = Pg 2 (Y) = Y + 1. Thus, 2Z K = P 2 P 2 P 3 . 
Let ft = aWWfl , fa = [g!±4£g±6^Kg±Q and ^ = e!±6 +0; where 
t € Z is choused such that wp 2 (0 + 2 r ~ : 4) = r: Let </>(X) = X + 2 r ~4 and 
consider the ^(X)-adic ofF(X). If v 2 (B) = 2r, then A 2 t = 3 (mod 4) and 
f v 2 (B) > 2r, then A 2 t = 1 (mod 4). 

(iv) Hv 2 (A) = r + l + k and v 2 (B) = 2r, then 7V X (P) = Si + S 2 such that 
F Sl (Y) = Y+l and F Ss (Y) = Y+l. Thus, 2Z K = P 2 P%, where v Pl (0) = 1 
and vp 2 {6) = 2r - 1. 

v p (ab) = 0. 

If p G {2, 3}, then v p (ind(P)) = and then pZ# is p-analogous to P(X). For p > 5, 
let s G Z such that 3as + 4b = (mod pM A )+i) 5 = a - s and F(X) = P(X + s) = 
X 4 + 4sX 3 + 6s 2 X 2 + AX + B. Then v p (A) = v p (B) = v p (A). 

If v p (A) = 0, then pZ^ is p-analogous to P(X). If v p (A) = 1 and ( = ^) = 1, then 
pZ x = P^Ps, where Pi = (p, 6»), P 2 = (p, 6 + u), P 3 = (p, - u), = a - a and 
3af + 46 = (mod p 2 ). 

If Up(A) = 1 and (^) = -1, then pZ K = P?P 2 , where Pi = (p, 9) and P 2 = 
(p,6» 2 +4s(9 + 6s 2 ). If v p (A) > 2, then let s e Z such that 3as + 4fe = (mod p«p( A )+ 1 ), 
6» = a-s and P(X) = P(X + s) = X 4 +4sX 3 + 6s 2 X 2 + AX + P, where B = s 4 +as + b 
and A = 4s 3 + a. Then v p (A) = v p (B) = v p (A) and N X (F) = S a + Si with respective 
slopes and . It follows that: 

(a) Uv p (A) = 2r + l, then 7V X (P) = Sj+Sa such that P Sl (F) = Y 2 + 4sY + 6s 2 and 
P S2 (F) = 6s 2 r + B p . Thus, if (=2) = 1, then p7L K = P X P 2 P 2 . If (f) = -1, 
then pZ x = Pi P 2 . 

(b) If Up(A) = 2r, then N X (F) = 5*1 + 52 such that F Sl (Y) = Y 2 + 4sY + 6s 2 and 
F S2 (Y) = 6s 2 Y 2 + B p . Thus, (^) = 1 and (^) = -1, then pZ K = PiP 2 P 3 . 
If (^) = -1 and (^) = -1, then P Z K = P X P 2 . 

If {=!) = -1 and (^^) = 1, then Pg 2 (F) = 6s 2 (F - t)(F + t), where i 
is a root of Fs 2 (Y) in F 3 . Thus, pZ^ = PiP 2 P 3 , where Pi, P 2 and P 3 are 
respectively attached to S u Y + t and Y-t. Let /3 2 = (g 2 +4^+6« 2 )(e+p"t) +g and 
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p 3 = (e 2 +4se+6s 2 )(e-p r t) + ^ where teZ[s choused such that Vp ^ {Q+ft) = r+1, 

vp 3 {8 +p r t) = r, vp 2 (9 + -p r t) = r and v P:t {d - p r t) = r + 1: If r > 2, then 
6s 2 t 2 + Bp = p (mod p 2 ). If r = 1, then 6s 2 i 2 + £> p = (mod p 2 ). In that way, 
we have P 2 = (p, (* 2 +Ws 2 )(*+p''«) + fl) and p 3 = fe (glf^^M^ + ^ 

If (=2) = 1 and (=f*) = 1, then pZ* = P^P^Pi- 

Examples 2.5. Let P(X) = X 4 + + b € Z[X] 6e an irreducible polynomial, a a complex 
root of P(X) and K = Q[a\. 

(1) a — 2 10 .5 and b = 2 9 .3.5. Let 9 — ^. TTien 9 is integral with minimal polynomial 
F{X) = X 4 + 80X + 30 andK = Q[9}. Thus 2Z K = (2,9) 4 , 3Z K = (3, <9)(3, (9 - l) 3 , 
5Z#- = (5, f?) 4 and for every p £ {2, 3, 5}, p%k *s p-analogous to F(X). 

(2) a = 48 and b = 188. From TableA8, row A8.9, we have 2Z K = (2, ^^) 2 (2, s ^) 2 . 

(3) a = 144 and b = 36. From TableA8, row ASA, we have 2Z K = (2, ° 2 +2"+ 2 )4, 
Since i—^-) = — 1, /row. TableA, row A4 3Zk = P 2 , where P = (3,^-). Since 
A = — 2 14 .3 6 .971, /or every p ^ {2, 3, 5}, pZx is p-analogous to P(X). 

(4) a = 28, b = 189 and p = 2. Let F(X) = P(X + 1) = X 4 + 4X 3 + 6X 2 + 32X + 218. 
Since B = 218 = 2.109, we have 2Z K = (2, a - l) 4 . 

(5) a = 22 and b = 66. TTien A = 2 4 .3 5 .11 3 .13. We have 2Z K = (2, a) 4 , 11Z K = 
(11, a) 4 , 13Zk — (13,a)(13,a 3 + 9) and for every prime p £ {2,3,11,13}, pZx 
is p-analogous to P(X). For p — 3, since a 2 = 7 (mod 9), b — 3 (mod 9) and 
b + a 4 -a 2 = 9.25982, from TableB, row BIO, 3Z K = PiP 2 3 , where P 1 = (3, a - 5a) 
and P 2 = (3, 

(6) a = 3 6 .5 5 .139 and 6 = 2 2 .3 5 .5 5 .139. Let 9 = Then 9 is integral with minimal poly- 
nomial F(X) = X 4 +AX+B and K = Q[6], where A = 3 3 .5 2 .139 and B = 2 2 .3. 5.139. 
Thus 2Z K = {2,6 + 1)(2, 9 2 + 9 + 1)(2, 9), 3Z K = (3, 9) 4 , bZ K = (5, 9) 4 , 139Z K = 
(139, 9) 4 . Since A = 2092367789117959822875 = 202317851. 7.3 3 .5 3 .139 3 . 163, for 
every p SjL {3, 5, 139}, pZx is p-analogous to F{X). 
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